We consider four-dimensional conformal gravity coupled to the U (1) Maxwell and SU (2) Yang-Mills fields. We study the structure of general black hole solutions carrying five independent parameters: the mass, the electric U (1) and magnetic SU (2) charges, the massive spin-2 charge and the thermodynamical pressure associated with the cosmological constant, which is an integration constant in conformal gravity. We derive the thermodynamical first law of the black holes. We obtain some exact solutions including an extremal black hole with vanishing mass and entropy, but with non-trivial SU (2) Yang-Mills charges. We derive the remainder of the first law for this special solution. We also reexamine the colored black holes and derive their first law in Einstein-Yang-Mills gravity with or without a cosmological constant.
Introduction
The existence of analytical solutions is rather significant in Einstein's General Relativity which is a highly non-linear theory. One class of solutions describe black holes and they play an important role in understanding General Relativity. Many exact black hole solutions have been found in Einstein gravity and supergravities in diverse dimensions. There are a few notable exceptions. One example is the charged rotating black holes in EinsteinMaxwell theories in dimensions higher than four. The other is the four-dimensional black hole carrying the Yang-Mills charge. The purpose of this paper is to address the latter problem.
For asymptotically-flat Minkowski spacetimes, there exist no-hair theorems for a variety of theories. The situation for the Yang-Mills hairs is rather subtle. Particle-like static solution carrying Yang-Mills charges were studied in [1] . Through numerically analysis, it was demonstrated [2] that colored black holes supported by the SU (2) Yang-Mills fields do exist. However, the solutions carry no global Yang-Mills charges and the numerical analysis requires a delicate fine tuning. The results were generalized to including rotation [3, 4] .
When a cosmological constant is added into the Lagrangian, the condition for the no-hair theorem in asymptotic de Sitter or anti-de Sitter spacetime ((A)dS) is much relaxed. It was established also by numerically analysis that SU (2)-colored black holes with global charges also exist [5, 6] . However, there have been hitherto no known exact solutions of colored back holes that are asymptotically flat or (A)dS in Eistein-Yang-Mills theory with or without a cosmological constant. (For asymptotic domain wall spacetimes, an exact BPS SU (2)-colored black hole in D = 4, N = 4 supergravity was constructed in [7] . See also [8, 9, 10] .)
In this paper we consider conformal gravity coupled to conformal fields such as the U (1) Maxwell and the SU (2) Yang-Mills fields. Conformal gravity is an important ingredient for constructing critical gravity, where the massive spin-2 modes are replaced by some logarithmic modes [11] . It was shown that with some suitable boundary conditions, Einstein gravity with a cosmological constant Λ can emerge from conformal gravity of a certain coupling constant that is related to Λ [12] . For spherically-symmetric Ansatz, the local conformal invariance implies that the metric can be specified by only one function instead of the usual two. Thus, although conformal gravity contains higher derivatives, the equations of motion for the colored black hole Ansatz actually become simpler than those in the Einstein-YangMills theory. This allows us to construct some exact SU (2)-colored asymptotic (A)dS black holes that carry continuous global Yang-Mills charges. (Numerically analysis of this system was performed in [13, 14] .) For higher-derivative gravities such as conformal gravity, the mass of a black hole can be difficult to define. Furthermore, black holes can contain also massive spin-2 hairs. The thermodynamical first law can thus be complicated. We shall adopt the Wald formalism [15, 16] to derive the first law for our colored black holes.
The paper is organized as follows. In section 2, we consider four-dimensional gravity coupled with Yang-Mills and Maxwell fields. We present the spherically-symmetric and static Ansätze for all fields and derive the equations of motion. We study the asymptotic (A)dS black holes and find that the general solution involves five parameters. In section 3, we present many examples of new exact solutions that carry Yang-Mills charges. In section 4, we derive the thermodynamical first law using the Wald formalism. In section 5, we revisit the SU (2)-colored black hole in Einstein-Yang-Mills theory with and without a cosmological constant, and derive the corresponding first law. We conclude our paper in section 6. In appendix A, we present the full set of equations of motion of U (1)-charged, SU (2)-colored solution with sphere/torus/hyperbolic symmetries.
2 The theory and the black holes
Conformal gravity with Yang-Mills and Maxwell fields
In this paper, we consider conformal gravity in four dimensions, which can be built from the the square of the Weyl tensor. In four dimensions, Maxwell or general non-abelian YangMills fields are also conformal. Thus the conformal invariance is preserved when conformal gravity is minimally coupled to these gauge fields. The Lagrangian is
where C µνρσ is the Weyl tensor and F a and F are the field strengths of the SU (2) Yang-Mills and U (1) gauge fields
The Yang-Mills and Maxwell equations of motion are
The Einstein equations of motion are
where F 2 ≡ F a µν F aµν , and F 2 ≡ F µν F µν . The sign of each term in the Lagrangian (1) is chosen with following considerations.
Higher derivative theories contain in general ghost-like modes and conformal gravity is no exception. For (1) with a positive α constant, the massive spin-2 modes are ghost-like whilst the massless graviton modes have the positive kinetic energy. Thus for our choice of parameters, the massive spin-2 modes are the only ghosty ones when α > 0.
Black hole Ansatz
We consider static and spherically symmetric ansatz for the metric. Up to an overall scaling factor, the most general Ansatz for the metric takes the form [19] 
This is in fact not the simplest Ansatz for spherical symmetry. The metric is conformally locally equivalent to
It is easy to see that one can first make a coordinate transformation ρ = 1/r and then multiply the metric (6) by conformal factor r 2 . The resulting metric (6) transforms to (5) with f (r) = r 2 h(r −1 ) .
We now consider the Ansätze for the matter fields. For the SU (2) Yang-Mills, the general Ansatz for carrying magnetic flux is [1]
where τ i 's are the Pauli matrices and the function ψ depends on the coordinate r only. In general the Yang-Mills field can have electric component as well, i.e. φτ 3 dt. However, we fail to find any new exact solution and hence we shall not consider it here. In the appendix,
we present the equations of motion for general Ansätze involving the electric component as well, for more general classes of topologies, including 2-torus and hyperbolic 2-space in addition to the 2-sphere we consider in the main body of the paper.
The Maxwell equation, on the other hand, can be solved directly, given by
Since the electric and magnetic charges q and p enter the metric only through the combination q 2 + p 2 , we shall set p = 0 for simplicity.
Substituting the Ansätze into the equations of motion we find two independent nonlinear differential equations. The equations are significantly simpler in the ρ coordinate [17] . We find
Here a prime denotes a derivative with respect to ρ. We can use (10) and (11) to derive that
Thus we see that although the equations contain higher derivatives, they are actually simpler than those of Einstein-Yang-Mills gravity since they involve one less function owing to the local conformal symmetry. We shall revisit the colored black holes of Einstein-Yang-Mills theory in section 5.
It is worth commenting that the simplest solutions to (10) are ψ = 0 and ψ = ±1.
When ψ = ±1, the SU (2) potentials become pure gauge; it is equivalent to turning off the Yang-Mills fields. When ψ = 0, the SU (2) gauge fields are reduced to a Maxwell field (carrying magnetic charge) associated with the U (1) Cartan subgroup of SU (2).
The structure of general solutions
We do not expect to find the analytical expression of the most general solutions to (10) and (11) . Many properties of the solutions can nevertheless be discussed. The asymptotic expansion of the general solution can be obtained by considering the small-ρ Taylor expansion,
In terms of r coordinate, the solution in large-r expansion is given by
Thus asymptotically as r approaches infinity, the metric becomes the (A)dS spacetime with the cosmological constant Λ = −3a 0 , which is an integration constant of the equations of motion. The parameters can be solved order by order. The first few leading terms are given by
Thus the asymptotic region of a general solution is characterised by six parameters, namely
For the solution to be asymptotic to the flat spacetime, we need to set both (a 0 , a 1 ) to zero, and a 2 = 1.
The solutions near the horizon can also be studied by the power-series expansions.
Assuming that the horizon is located at ρ = ρ 0 , the functions ψ and h can be expanded in power series of (ρ − ρ 0 ), namely
The equations of motion implies that
Thus we see that the near horizon geometry is also specified by five independent parameters, (r 0 ,ã 1 ,ã 2 ,b 0 , q), one less parameter than the all allowed ones in asymptotic regions.
Thus, the counting of parameters implies that we can in general integrate out from the horizon to asymptotic (A)dS infinity and obtain black hole solutions with five independent parameters. Indeed, the numerical analysis integrating from horizons to asymptotic infinity was performed in [13, 14] .
The asymptotically-flat black holes are on the other hand less likely, and they require very delicate finite tuning, to avoid the excitation of the a 0 and a 1 terms. However, since
we have a sufficient number of parameters that we can adjust on the horizon, we expect that colored black holes in asymptotically-flat spacetime also exist.
We now calculate the global Yang-Mills charge. For our magnetic solution, it is given by [18, 4] 
The global Yang-Mills charge vanishes when b 2 0 = 1, for which the corresponding term in A is pure gauge. Interestingly, the global Yang-Mills charge depends only on b 0 , but not b 1 .
This implies that one may construct colored black hole with Yang-Mills hairs but without Yang-Mills charges.
Exact solutions
Although we do not find the general exact solutions involving five parameters to (10) and (11), we find many examples of special exact solutions involving reduced number of parameters.
With only Maxwell charges
Turning off the SU (2) Yang-Mills fields is to set ψ = ±1, and hence the equation (10) is satisfied. The equation (12) implies that h (4) = 0, and hence
Substituting this into (11), one finds the following constraint:
In terms of the original r coordinate defined by the black hole ansatz (5), we have
together with the constraint (20) . The metric is asymptotic (A)dS with the cosmological constant given by Λ = −3a 0 . This solution was first constructed in [19] . The thermodynamics of neutral and charged black holes was studied in [20] and [21, 22] respectively.
Charged rotating black holes and their thermodynamic first law were studied in [23] .
With only SU(2) Yang-Mills charges
We now turn on the SU (2) Yang-Mills field instead, while turning off the Maxwell field by setting q = 0. We find a new solution for g s = 1, given by
where
The function h can be factorized, namely
In terms of the r coordinate, we find that the solution is given by
Note that in presenting the solution above, we have let
To study the global structure, we first note that the metric is asymptotic to AdS spacetime with a cosmological constant Λ = −3a 0 < 0. The solution has a curvature singularity at r = 0. The curvature singularity is shielded by an event horizon at some r 0 for which f (r 0 ) = 0. The location of the r 0 depends on the value of (b 0 , b 1 ). Without loss of generality, let us consider b 1 > 0. The function f has two double roots
Thus for b 0 > 1, we have r 1 > r 2 > 0 and the metric describes a single black hole where the spacetime on and outside of the horizon is specified by r ≥ r 1 . For −1 < b 0 < 1, we have r 1 < 0 < r 2 . In this case, the same local metric can describe two black holes, sharing the same curvature singularity at r = 0. One black hole has an event horizon at r = r 2 and it is asymptotic to AdS as r = +∞, whilst the other has the event horizon at r = r 1 and it is asymptotic to AdS as r = −∞. For b 0 < −1, we have r 2 < r 1 < 0, and hence the solution describes a single black hole with the event horizon at r = r 2 and the spacetime outside the horizon is −∞ < r < r 2 .
Since all the horizons discussed above are associated with double roots, it follows that the temperature vanishes, giving rise to extremal black holes carrying Yang-Mills charges.
The entropy of the black holes can be calculated by the Wald entropy formula
where L = L/ √ −g and r + is the location of the horizon, which can be r 1 , r 2 , depending on the values of (b 0 , b 1 ). Substituting the solution into the entropy formula, we find that the entropy vanishes also.
To obtain the mass of the solution, we use the formula obtained in [20] for conformal gravity:
where ξ = ∂/∂t. Using this formula, we find that the mass of the black hole vanishes also.
Thus we have obtained an exact extremal black hole in conformal gravity carrying the SU (2) Yang-Mills magnetic charges associated with two continuous parameters (b 0 , b 1 ), with vanishing temperature, entropy and mass. However, the black hole contains nonvanishing global Yang-Mills charges defined by (18) . How this special solution fits the general thermodynamic first law of the SU (2)-colored black holes will be discussed in section 4.
With both Maxwell and Yang-Mills charges
When g s = 1, we find that an exact solution that carries both Maxwell and Yang-Mills charges. In terms of the r coordinate, the solution is given by
The solution is asymptotic to AdS with the cosmological constant
The solution has a naked curvature singularity at r = 0 unless we set e 2 < 0, for which case the Maxwell field becomes a ghost.
Further colored black holes with a ghost-like Maxwell field
If we allow the Maxwell field to be ghost-like, namely e 2 = −1, we find an infinite number of solutions in which g s and Q take some discrete values, namely
In terms of r coordinate, the functions ψ and f are given by
(The n = 1 case is contained in (29 as a special solution.) The cosmological constants of the asymptotic (A)dS spacetime is
Thus we have
In terms of the large-r power series expansion, as defined in (14), we have
It is worth pointing out that we have implicitly assume that n is an integer. However, the equations of motion are satisfied for any n. The solutions describe black hole with the horizon located at the largest real root of the square bracket in (33).
The first law of thermodynamics
In section 2, we considered black holes in conformal gravity carrying both SU (2) YangMills and U (1) Maxwell charges. We obtained the general structure of the solutions and find that the solution contain five parameters including the cosmological constant. In section 3.2, we obtained a specific black hole solution carrying only the SU (2) Yang Mills charges with two independent parameters. This solution is rather unusual in that it has vanishing temperature, entropy and mass. In this section, we shall obtain the thermodynamic first law for the general black hole and study what becomes the remainder of the first law for this special solution.
One key quantity of a black hole is its mass, or energy. For higher derivative gravities, the mass can be rather subtle. If the asymptotic behavior of the solution takes the form
One can use either the ADT method [24] or the generalization of [25, 26] the AMD method [27, 28] to show that the mass is − 2 3 αΛM . The asymptotic structure of our solution however contains slower falloffs than the mass term, as indicated in (14) . These slower falloffs are associated with the massive spin-2 modes in higher derivative gravity and the above methods for calculating black hole mass are no longer valid for these more general solutions. In [20] , the mass formula (28) 
Deriving the first law
The Wald formalism of Einstein gravity coupled to a Maxwell or a Proca field was previously studied in [29] and [30] respectively, and hence we shall not include in this discussion. Thus for the Lagrangian (1) with A turned off, the variation allows us to obtain the the equations of motion and the Noether current one-form:
where E a µ = 0 and E µν = 0 are the Yang-Mills and Einstein equations of motion respectively. Here J µ has contributions from both gravity and the Yang-Mills field:
To be specific, we have
From the current J µ , one can define the Noether current 1-form and its 3-form Hodge dual as:
where ξ is a Killing vector and i ξ · denotes that ξ contracts with the first index of the tensor it acts. It is fairly straightforward to verify that for a diffeomorphism invariant Lagrangian, one always have dJ (3) = 0, provided that the equations of motion are satisfied. Thus one can further define a Noether charge 2-form, J (3) = dQ (2) . It was shown in [15, 16] that for a given gravitational solution, the variation of the Hamiltonian with respect to the integration constants is given by
where ξ is the time-like Killing vector that becomes null on the event horizon. The first law of thermodynamics of black holes in any gravity theories can be derived from the Wald formula δH = δH ∞ − δH + evaluated on the horizon and at the asymptotic infinity respectively. For our conformal gravity with the Yang-Mills field, we have
The total charge 2-form is given by the sum of the above two contributions. Note that in presenting δH, we multiply our Lagrangian (1) by an overall 1/(16π).
For our Ansätze (5) and (8), it is immediately clear that Q
(2) = 0. Therefore, we have
where Ω (2) is the volume 2-form of the 2 dimensional space. In presenting the result, we introduced a topological parameter k = 1, 0, −1, for the formulae to be applicable for topologies of torus and hyperbolic spaces as well. (See appendix A for a discussion of colored black holes in different topologies.) Given the above results, we can deduce that
Interestingly, this result is independent of the topological parameter k. Note that in this section, a prime denote a derivative with respect to r, rather than ρ in section 2. Analogous formulae for black holes with sphere/torus/hyperbolic symmetries in various gravity theories coupled to scalar and vector fields were obtained in [31, 30, 32, 33] .
For the large-r expansion, ψ and f take the forms given in (14) . We can read off the mass of the solution using the Noether charge 2-form,
where ω 2 = Ω (2) is the volume for the foliating 2-space. For S 2 , we have ω 2 = 4π. Note that the mass formula (46) is equivalent to the one defined in (28) . It is easy to verify that the mass for the Schwarzschild black hole with f = 1 − 2m/r, which is a solution of conformal gravity, is given by
which was also obtained in [20] . It should be emphasized that it is rather special a property of conformal gravity that the quantity r→∞ Q (2) is finite. This term is typically divergent for asymptotic AdS black holes in Einstein gravity with a cosmological constant and it requires i ξ · Θ to cancel the divergence.
It is easy to verify that evaluating the δH near the horizon geometry gives rise to
Evaluating δH at the asymptotic infinity gives
We follow (18) and also the discussion in [20] , and define the massive spin-2 hair, Yang-Mills charge and thermodynamical pressure and their thermodynamical conjugates as follows:
massive spin two hair: Ξ = αω 2 4π
Yang-Mills hair:
We thus deduce that the thermodynamical first law of general black holes carrying the magnetic SU (2) Yang-Mills charges are given by
If we also consider solutions with electric charges of the Maxwell field, the first law becomes
where Φ e is the electric potential and Q electric charge
Thus the five integration constants of the general solution considered in section 2 correspond to the mass M , electric and Yang-Mills charges (Q, P YM ), massive spin-2 hair Ξ and thermodynamical pressure associated with the cosmological constant Λ. In [34, 35] , the cosmological constant in two-derivative gravity was treated as the thermodynamical pressure and its conjugate as the volume was derived from generalizing the usual first law by treating the cosmological constant as a variable rather than a fixed constant. Since the cosmological constant appearing in the action in that case, this generalized first law cannot be derived from the Wald formalism. In our case, the cosmological constant arises naturally as an integration constant and hence its contribution to the first law arises naturally via the Wald formalism.
Testing the first law
Having obtained the first law and the formulae for various thermodynamical quantities, we can now test it using the explicit solutions we obtained in section 3. The first example we would like to examine is the extremal black hole solution obtained in section 3.2. It is easy to verify that for this solution we have indeed vanishing mass, temperature and entropy, implying that the first law reduces to
We now verify that it is indeed the case. For f and ψ given in (25), we have
It is then straightforward to verify that the remainder of the first law (55) is indeed satisfied by the black hole solution.
Next, we consider the general class of solutions obtained in section 3.4. For these solutions we treat the parameter n as fixed constant taking integer values, and hence the electric charge does not involve in the first law. From its asymptotic behavior, we can
Together with (49), it is then straightforward to verify that the first law (52) is satisfied by these black hole solutions. The double root in the expression of f in (33) might suggest that the solution is extremal with zero temperature. However, the horizon is always located at the root for which the square bracket term in (33) vanishes, and hence the solution has nonvanishing temperature. However, it turns out that the entropy is always a pure numerical constant, namely
Thus the term T dS vanishes, even though T = 0. However, this does not imply that the usual specific heat vanishes in our system. In fact for our solutions with only two variables (b 0 , b 1 ), we cannot define the specific heat C = T (∂S/∂T ) while holding all (Ξ, Λ, P YM ) fixed. Note also that since S is independent of the variables (b 0 , b 1 ), it follows that we can always remove the S by adding the Gauss-Bonnet term in the action with some appropriate coefficient. (The Gauss-Bonnet term in the action contributes a fixed constant to the entropy of a black hole.) It should be emphasized that it is only in higher-derivative gravity where the entropy area law no longer applies that it is possible to have a black hole with smooth horizon but fixed constant entropy.
Finally we consider the solution (29) that carries both the continuous Maxwell and
Yang-Mills charges. For this solution to describe a black hole, we need to set e 2 = −1, in which case the Maxwell field is ghost-like. We find that
Together with the temperature and entropy (49), it is easy to verify that the first law (53) is indeed satisfied.
SU (2)-colored black holes in Einstein gravity revisited
Having studied the colored black holes in conformal gravity and their first law of thermodynamics, we would like to revisit the same issue in Einstein gravity. We consider the Lagrangian
The SU (2)-colored black hole ansatz is given by
The equations of motion for the three functions f (r), χ(r) and ψ(r) are given by
One way to examine whether there are asymptotic AdS black holes is to study the linearized Yang-Mills modes in the AdS background, corresponding to f = r 2 /ℓ 2 +1, χ = 0 and ψ 2 = 1, where Λ = −3/ℓ 2 . Performing small perturbation of ψ, namely ψ = ±1 +ψ, at the linear level, we findψ
It is clear that both modes are convergent at large r and their back reaction to gravity will preserve the asymptotic AdS structure, at least at the linear level. This is an strong indication that colored black holes with global Yang-Mills charges exist. To study the structure of these black holes, we consider the large r expansion, for which we find that
Thus we see that there are four independent integration constants in the asymptotic AdS expansion, namely (M, b 0 , b 1 , c 0 ). The constant c 0 should be set to zero so that t is the proper time in asymptotic AdS spacetimes. Assuming there exists a black hole whose horizon is located at r = r 0 , the power-series expansion of the functions near the horizon geometry is given by
Substituting these into the equations of motion and solve them order by order, we find that for the near horizon expansion, there are three parameters (b 0 ,c 0 , r 0 ). The parameterc 0 however is trivial in that it has to be adjusted so that c 0 = 1 at the the asymptotic infinity when the solution is integrated out to infinity. Thus the near horizon geometry is specified by two independent non-trivial parameters. Since the asymptotic AdS expansion contain all the integration constants, it follows that the near-horizon geometry can in general be integrated out to the asymptotic infinity where the parameters (M, b 0 , b 1 ) are subject to one algebraic constraint. Thus the colored AdS black holes contain two independent parameters.
To obtain the thermodynamical first law of the colored AdS black holes, we obtain the reduced Wald formula in this special case, namely
It is clear that δH + = T dS and
This give rise to the first law
where 
Thus we see that one of the mode, namely theb 0 mode is divergent, and its back reaction to gravity will break the Minkowski spacetime. Thus this mode has to be excluded in the solution, implying the absence of any global Yang-Mills charge. Indeed, in the large r expansion (64), when Λ = 0, the parameter b 0 is forced to ±1, corresponding to the pure gauge of the Yang-Mills fields. Thus, the asymptotically-flat colored black hole is unlikely to exist since it is unlikely not to excite the b 0 mode when integrated out from the horizon.
It was however found numerically in [2] 
In other words, these asymptotically-flat black holes contain SU (2) hair, but no SU (2) charges, and first law takes the same form as that of Schwarzschild black hole.
It is worth remarking that the Lagrangian (60) can be lifted to D = 11 supergravity when Λ = ±4g 2 s [36, 37] , i.e. the cosmological constant can be both positive and negative. The lifting of the non-abelian black holes to D = 11 was discussed in [38] .
Conclusions
In this paper, we considered conformal gravity coupled to the non-abelian SU (2) YangMills field and the abelian U (1) Maxwell field. We studied spherically-symmetric and static black holes carrying electric U (1) and magnetic SU (2) charges. We found that the general solutions contain five parameters, namely the mass, the U (1) and SU (2) charges, the massive spin-2 charge and the cosmological constant. We adopted the Wald formalism to derive the first law of thermodynamics of these black holes. We obtained a few examples of exact solutions carrying SU (2) charges. We verified that the general first law were indeed satisfied by these special solutions.
The exact SU (2)-colored black holes we obtained have some very unusual properties.
One of them has zero mass, temperature and entropy, but it has non-vanishing global SU (2) Yang-Mills charges. We obtained the remainder of the general first law for this special solution. We also find a class of SU (2)-colored black holes carrying fixed U (1) charges of the ghost-like Maxwell field. Interestingly, these black holes with regular event horizons can have vanishing entropy but non-zero temperature.
The exact solutions of SU (2)-colored (A)dS black holes that we have obtained in this paper are the first examples of the kind in literature. They may provide us new toys for studying both higher-derivative gravities and colored black hole physics. 
A Colored topological black holes with Yang-Mills charges
In this appendix, we consider SU (2)-colored black holes in different topologies, including torus and hyperbolic 2-spaces, in addition to 2-sphere studied in the main body of the paper. In terms of the r coordinate, the metric ansatz is given by
where k = −1, 0, 1 and the corresponding foliating 2-space of (x, y) is a 2-sphere, 2-torus and hyperbolic 2-space respectively. In terms of the ρ = 1/r coordinate, as discussed in section 2, the metric can be conformally transformed to
where h(ρ) = ρ 2 f (1/ρ). The U (1) and SU (2) Yang-Mills potentials are then given by
where q is a constant and φ and ψ are functions of ρ. Note that here for completeness, we have also introduced the electric potential φ for the SU (2) Yang Mills field that we did not consider in the main body of the paper. The full set of equations of motion are then reduced to the three different equations
Note that in this appendix, a prime denotes a derivative with respect to ρ. These equations imply that
We shall not attempt to solve for the general equations here, but present only one special exact solution with φ = 0 and g s = 1. In terms of r variables, we find
The k = 1 solution was already presented in section 3, which can describe a black hole when q = 0. It ceases to become a black hole for k = 0 or −1.
Finally note that in terms of (θ, ϕ) coordinates, defined by
The full Ansätze can be written as
